The concept of Killing spinor is analyzed in a general way by using the spinorial formalism. It is shown, among other things, that higher derivatives of Killing spinors can be expressed in terms of lower order derivatives. Conformal Killing vectors are studied in some detail in the light of spinorial analysis: Classical results are formulated in terms of spinors. A theorem on Lie derivatives of Debever-Penrose vectors is proved, and it is shown that conformal motion in vacuum with zero cosmological constant must be homothetic, unless the conformal tensor vanishes or is of type N. Our results are valid for either real or complex space-time manifolds.
INTRODUCTION
Killing vectors and Killing tensors have proved to be useful tools in the study of Riemannian geometries. Killing vectors describe the symmetries of a V n • 1 For instance, Debney and Kerr 2 ,3 have analyzed the properties of Killing vectors in the light of the null tetrad formalism, as developed by Debney, Kerr, and Schild. 4 As for Killing tensors-particularly rank two Killing tensors-they have been studied by many authors, [5] [6] [7] [8] [9] [10] mainly in relation with the problem of integrating geodesic equations by separation of variables in the Hamilton-Jacobi equation.
On the other hand, since the spinorial formulation has played such an important role in general relativity, 11 it is natural to introduce the concept of a Killing spinor. 8 The aim of this work is to present, in a very general way, basic properties of Killing spinors, and then to study some particular cases which deserve special attention. Our work will make full use of the spino rial formalism.
In another context, the idea of using "complex extensions" of general relativity has attracted much attention in recent years. 12, 13 This complexification takes a remarkably natural form when spinorial analysis is introduced. Recently, one of us (Plebanski 14 ) has shown that, in a complex V 4 , spinors can be defined which transform according to the SL(2, 0:) XSL(2, 0:) group. The implication of this is that objects with dotted spinorial indices are no longer related to those with undotted indices, as it would be the case in a real V 4 • For instance, the spinorial images of the complex Weyl tensor are C ABCD and CABell', but, in general, C AileD 0# (C ABCD)* if the V 4 is complex.
Thus, loosely speaking, the general procedure for complexifying a real V 4 is simply to "forget" (!) that dotted spinors are related to undotted ones by a complex conjugation. The results we present in this work take this fact into account: They are valid either in a real or in a complex V 4 • This will be mentioned explicitly whenever necessary. We hope that these results will be useful in further studies of complex and real V 4 's.
• .Bl·· 'B&, (81" 'B&,) onSl er a symmetnc spmor 1\. Al' We shall investigate further properties of Killing spinors. We will be particularly interested in the important case of a D(i, i) Killing spinor, which satisfies the equation (1. 3) This equation is the "trace-free" part of the conformal Killing equation, (1.4) Since conformal invariance seems to play an important role in physics (see, e. g., Penrose, 15 Plebaiiski 16 ), we will consider conformal Killing vectors (X =: 0), normal Killing vectors (X = 0) being obvious subcases.
GENERAL CONSIDERATIONS
It can be shown (Sommers 10 ) that the (m + l)th derivative of a rank m Killing tensor can always be expressed in terms of its lower order derivatives. We will prove a similar theorem for Killing spinors (KS). Following Sommers, 10 it is enough to notice that the rth covariant derivative of any tensor or spinor can be expressed as
This is due to the commutation relations between covariant derivatives. Now,
is the number of algebraically independent components of a fully symmetric rank r tensor in V 4 • Thus the rth derivative of an irreducible D(p, q) Ny ---i-::{2~:p-+-=2"-;)('=:-2q"'-+-'2) (2.3) (2.4) one can obtain the rth derivative of the KS in terms of lower order derivatives 17 [plus, in general, some integrability conditions; i. e., Eqs. (3.2) or (3.16) below].
We will now study the integrability condition of Eq.
(1. 1). The commutation relations for covariant derivatives of (in particular) symmetric spinors is given bylB:
where RAB is the two-form associated to the Riemann tensor 0 According to the Cartan structure equations written in spinorial notation, one has
where rAB are one-forms associated to the Ricci rotation coefficients (we will use exactly the same notation and conventions as in Ref. 14). More explicitly, Eq. (2.5) gives Now, the fundamental equation (1. 1) implies that the covariant derivative of a KS has the irreducible form (2.8)
(2,9c)
SPECIAL CASES
Consider first a D(p, 0) KS. According to (2.8) one has
Substituting this in the formula (2. 7a), over indices CDA 1 ••• A 2P ' one obtains (3.1) and symmetrizing
Substitution of (3.1) in (2. 7b) gives, after proper symmetrization of indices,
Thus, in empty space, l~l" 'B2P-l itself is a KS of type
which, for a real V 4 , would be just the complex conjugate of (3.3). A similar result applies for relation (3. 3). It is interesting that, in a complex V 4 , this KS's
•• !J2 are independent objects: that is, one has a "heavenly,f and a" helliSh" KS (in the terminology of Ref. 14). In fact, a spacetime can admit a "heavenly" KS without necessarily admitting a "hellish" KS.
Consider, for instance, a D{i, 0) KS which satisfies the equation
and consequently (3.5) (3,6)
The integrability conditions give, after some algebraic manipulations, the following relations: (3.7a) (3.7b) Equation (3.7a) implies that the spacetime is of type
[N]Sl [something] or [-l'Sl [something] , and (3. 7b) implies that in vacuum, ZA itself is a Killing spinor. Equation (3. 7b) permits one to express the second derivative of the KS in terms of the KS itself. (3.9)
Consider, now, KS's of type D(1, 0). One has
The integrability conditions give Notice that ZAB = ([AB)* and that X is the conformal factor appearing in (1. 4). Substituting (3.12) in the integrability conditions (2.7a) and (2.7b), after proper symmetrizations and contractions of indices and using the relation
one obtains, after some algebraic manipulations,
If X = 0, one would obtain an equation expressing second derivatives of the Killing vector in terms of the Killing vector itself (a well known result! 1). The next step is to use the integrability conditions of (3.14) by substituting it again in (20 7a) and (2. 7b). Using the Bianchi identities in spinorial form, (3. 15a) (3. 15b) one obtains, after some algebraic acrobatics, the following equations:
(3.16) (3. 17a) (3. 17b)
These last two equations permits one to calculate the second derivatives of X in terms of the Killing spinor and X only, by using the formula (3.18) Summing up: for any CKV, the second and higher order derivatives of Ka and X can always be expressed as linear combinations of K a , V.Kb, X, and VaX. In other words, a CKV can be described by a set of 15 parameters (10 if X = 0). This is a well known result which can be obtained by classical tensorial methods.
1 Furthermore, this result is in agreement with inequality (2.4) obtained above: Third order and higher derivatives of KA A can be expressed i.n terms of lower derivatives (remember that X=-tVNNK NN ). As for the relation (3.16), it is the spinorial form of the equation for the Lie derivative of the Weyl tensor along a CKV. Equations for the Lie derivatives of the Riemann tensor and its covariant derivatives entirely determine the number of possible Killing vectors 20 ,21 (this result is also valid in complex Riemannian spaces, as a simple examination shows).
We will now examine the concept of Lie derivative in the light of spino rial analysis. By definition, the Lie derivative of a tensor T"l"'''P along a vector K" is
(3.19)
In particular, if K" is a CKV, then From the definition of the Pauli matrices and the null tetrad 14 one can find a formula similar to (3.21),
From this it can be seen that Eqo (3016) can be rewritten as
We can now prove the following theorem . The proof is very simple: lf e 3 " is a single DP vector, then C uu = ° and C 1ll2 "* 0, and (3.27), for indices ABCD-ll11, implies Au=O. lf e 3 ", is a double DP vector, then C uu = C 1ll2 = ° and C U22 "* 0; Eq. (3.27),
for indices ABCD -1112, again implies Au = 0, and so on for triple and quadruple DP vectors: one always finds that Au = 0. But, from Eq. (3.25), this is precisely the condition for e 3 ", to have its Lie derivative parallel to itself. This completes the proof of the theorem. 23 A simple reexamination of the proof given above shows that it is also valid in complex V 4 • All one has to do is to use the dotted counterpart of Eq. (3.27) and the generalization of the concept of a Debever-Penrose vector to complex V 4 • 14 The theorem has an obvious geometrical interpretation: Since conformal curvature is invariant along conformal Killing vector fields, the principal null directions it defines must also be preserved.
We will now consider the special case of a CKV in a vacuum spacetime, that is C ABAB = ° and R = -4Jc (cosmological constant). The equations obtained above take the simpler form,
(3.31)
In particular, the integrability condition of (3.30) implies
Thus, if VA AX"* 0, one has two possibilities: and, according to (3.32) , Ci N is a quadruple Penrose spinor and the spacetime is of type N. Thus, the existence of a nonconstant conformal factor X in vacuum implies that the spacetime is Minkowskian, de Sitter or type N. 24 Moreover, if Jc"* ° then X is necessarily zero except for the de Sitter and type N cases. Notice that X satisfies an eikonal equation if CAB C D"* 0.
Next, we consider the case when a Maxwell field is present. The Einstein-Maxwell equations without sources are C ABAB =-8fABfAB, VNAfNB=O, (3.33) where fAB is the D(l, 0) spinor associated to the electromagnetic field. In this particular case, Eqs. (3. 17a) and (3. 17b) somewhat simplify, The formulas given above are the spinorial versions of some fundamental classical results on Killing vectors (see, e. g., Einsenhare ,20 and Petrov 21 ) . As for Killing vectors in spaces where an electromagnetic field is present, they have been of fundamental importance in the works of Ernst 25 and Kinnersley, 26 who found a general procedure for generating new solutions. We hope that our Eqs. (3.34) will be useful in further investigations of this point.
